QUANTUM CLUSTER VARIABLES VIA VANISHING CYCLES 



ALEXANDER I. EFIMOV 

Abstract. In this paper, we provide a Hodge-theoretic interpretation of Laurent phe- 
nomenon for general skew-symmetric quantum cluster algebras, using Donaldson- Thomas 
theory for a quiver with potential. It turns out that the positivity conjecture reduces to 
the certain statement on purity of monodromic mixed Hodge structures on the cohomol- 
ogy with the coefficients in the sheaf of vanishing cycles on the moduli of stable framed 
represent at ions. 

As an application, we show that the positivity conjecture (and actually a stronger 
result on Lefschetz property) holds if either initial or mutated quantum seed is acyclic. 
For acyclic initial seed the positivity has been already shown by F. Qin [Q] in the quantum 
case, and also by Nakajima [Nak] in the commutative case. 
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1. Introduction 



Cluster algebras were introduced in |FZ02| . They form a certain class of commutative 
algebras with a distinguished set of generators, which are called cluster variables. If the 
cluster algebra has rank n, then the set of generators is a union of distinguished n -element 
subsets called clusters. There is a rule of mutation of such clusters, when one cluster variable 
is replaced by some very simple rational function in the variables of the same cluster: 



where x is the cluster variable, x' is its replacement, and Mi and AI2 are monomials in 
the other cluster variables in the same cluster. Moreover, all clusters are obtained by such 
mutations from any given cluster. 

The most surprising property of cluster algebras is Laurent phenomenon: any cluster 
variable is actually a Laurent polynomial in the variables of any given cluster. It leads 
to the well-known positivity conjecture: all such Laurent polynomials have non-negative 
integer coefficients. 

We suggest [Kel], [Ke2] as nice survey articles on cluster algebras and their categorifica- 
tion. 

In [Plj . Plamondon obtains uses certain categorification of cluster algebras to obtain 
a general formula for cluster monomials for skew-symmetric cluster algebras. The same 
formulas are actually obtained in |DWZ2j . the coincidence is shown in |P2| . The resulting 
coefficients are Euler characteristics of some quiver Grassmannians. However, this does not 
imply the positivity conjecture, since a priori Euler characteristic can be negative. 



xx' = M1+M2 
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Another approach to categorification is studied by Nakajima |Nakj . He uses it to prove 
positivity conjecture (w.r.t. ah seeds) for cluster algebras coming from bipartite quivers. 
In the Appendix of [Nakj the positivity conjecture is proved for acyclic initial seed. It was 
announced by Y. Kimura and F. Qin |KQ that they have a generalization of Nakajima's 
results on categorification for all acyclic quantum cluster algebras (see below the definition 
of quantum cluster algebras), which implies positivity conjecture w.r.t. all quantum seeds 
which are mutationally equivalent to an acyclic seed. 

Our approach is very close to the paper of K. Nagao [Nag]. He uses Donaldson-Thomas 
theory (in a framework different from our paper) for quivers with potentials to obtain the 
same formulas for cluster variables (which can be easily generalized for cluster monomials), 
under certain assumptions on the quiver with potential: the potential should be polynomial 
and this property should be preserved under a finite sequence of mutations. The reason for 
such restrictive assumption is that the Donaldson-Thomas theory is not well-developed at 
the moment for the case of formal potential (see below). 

The goal of this paper is to obtain the formulas for quantum cluster monomials, using the 
approach of [Nag], for arbitrary skew-symmetric quantum cluster algebras. Also, our results 
can be viewed as a generalization of quantum cluster character [Q]. We use the framework 
of mixed Hodge modules for Donaldson-Thomas theory, which is developed in |KS10j , and 
has first been considered in |DS] in the geometric situation. Positivity conjecture does not 
follow automatically from our results (as it does in |Q| for acyclic initial seed), but it reduces 
to a certain conjecture on purity of monodromic mixed Hodge structures (see below). 

We will deal with skew-symmetric quantum cluster algebras, as introduced in |BZj . Every 
skew-symmetrizable cluster algebra can be quantized in the sense of |BZj . Here the algebra 
is non- commutative: it is contained in the skew-field of fractions of a quantum torus. If 
L = is some free finitely generated abelian group, and 

A:LxL-^Z 



a non-degenerate pairing, then the quantum torus 7a is an algebra over Z[q^2'^, with a 
distinguished basis X'^, e £ L, satisfying 

The algebra 7a is an Ore domain, and we have its skew-field of fractions J-a. A cluster 
is assigned to the quantum seed {M,B), where M : — )• T\ is a map of special kind, 
the so-called toric frame (the analogue of transcendence basis, generating J-a), and B G 
Matmxn(-^) (where n is the rank of quantum cluster algebra), satisfying some compatibility 
condition (see Subsections 12.21 12. 3|) . There is a rule of mutation of such quantum seeds (see 
Subsection [27 
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The cluster variables are M(ej), 1 < i < n < m, the cluster monomials are M(A), 
A G Z>o, and the elements M{ei), n + 1 < m, are called coefficients, they do not change 
under mutations. Taking the Z[g^2] subalgebra As C F\ generated by all cluster variables, 
coefficients and their inverses in a given mutation-equivalence class S of quantum seeds, 
we obtain the quantum cluster algebra (Definition 12. ip . 

Again, the Laurent phenomenon holds: if L = Z™, and there is some quantum seed 
{M,B) in S, with M(c) = then 

AscTk 

(Theorem 12. 3p . We also have positivity conjecture: all cluster monomials have positive 
coefficients as elements of 7a- 

We will obtain a Hodge-theoretic interpretation of quantum Laurent phenomenon for all 
cluster monomials, using Donaldson-Thomas theory for a quiver with potential, developed 
in |KS10) . First, we replace the base ring ^[ga] by -R[T2], where R is the completion of 
R = Kq(MMH S), where MMHS is the abelian category of so-called monodromic mixed 
Hodge structures with Thom-Sebastiani product and T is the class of Q(— 1) (see 
Subsection 13. 2p . 

For any smooth algebraic variety X, with a regular function / : X — t- C and a locally 
closed subset X'^^ C /~^(0), one defines (Definition 13. 5p the critical cohomology with 
compact support 

H'f"\X'PJ) G MMHS. 
We have the motivic quantum torus 

and motivic cluster monomials M'™°*(A) = M'(A) O 1 G T^°K 

For any quiver Q, polynomial potential W on Q, a central charge Z : TLX^^^ — )■ C 
(given by some map V{ff) — )■ ^+ ) an angle < < vr, and a vector A G iX^^^ one 
associates the moduli space of stable framed representations which is a smooth 

algebraic variety with a regular function 

= Tr(T^) : A^^^^^^, ^ C 

(Subsection 13. 4p . We have a closed subset 

which consists of stable framed representations which are nilpotent and are critical points 
of W^. 
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Now suppose that L = Z™, the initial seed is of the form (M(c) = X^, B), and we have 
the mutated seed 

One can associate to the matrix B a (non-unique) quiver Q with the set of vertices 
{1, . . . ,m}, and define the mutations for quivers (Subsection 12. 4p . 
Let Q be the quiver corresponding to B, and 

Qr = f^kri- ■ ■ ifJ'kiiQ)) ■■■ )■ 

The notion of mutation can be extended to quivers with formal potentials (QP's) [DWZ] . 
see Subsection 14.21 Suppose that the polynomial QP {Qr,Wr) is obtained by a sequence 
of mutations from a formal QP {Q, W) : 

{Qr,Wr)=fikA---{f^kAiQ,W)))...). 

We have Ginzburg DG algebras [G] Tq,w, i'Qr,WrJ inclusions 

i : D\tQ,w) Perf(f Q.H') C DiTQ^w), 

natural isomorphisms 

i^o(Perf(fQ,H/)) = Z'", KoiD'iFQ^w)) = Z'", 
and similarly for TQ^,Wr (Subsection 14. We have a natural choice of equivalence 

^{r) : D{rQ,w) ^ D{tQ^,w.) 
coming from Nagao's result |[Nagj (Theorem 14.71 below) . Also, put 

m 

f,,,:=ci>(r)-i(0f^^_^J, AGZ^o, 

where i'Qr,Wr,j indecomposable projective DG modules. 

As usual, for any finite quiver Q with the set of vertices V{Q), we denote by XQ the 
Euler form on Z^C^) : 

Xq(7i,72)= J] ^1^2- Yl «i»^1^2' 
where aij is the number of arrows from i to j. 

Theorem 1.1. There exist a central charge Z on Qr, and an angle < (p < ir, such that 
for A G 
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where we view 7 as an element of i^o(-C'^(f q,,,^^^)). In particular, we have that 
More precise formulation is Theorem 15.31 

In the terminology of jFZOT) . the vectors [1ik,\] are g -vectors, and the polynomials 
are motivic quantum -polynomials. 

Corollary 1.2. In the assumptions of the above Theorem, suppose that for some A and 
for all 7 we have that -??c'^"*(X'^;'/^^,A' (^'■)7) ^ MMHS is pure of weight i. Then the 
cluster monomial Mr{\) is a positive element in 7a. 

For any quiver Q with the set of vertices {!,..., m}, denote by (5[i,...,n] its full subquiver 
on the vertices 1, . . . , n. 

Definition 1.3. The quantum seed {M,B) is called acyclic, if the quiver (5[i,...,n] ^-^ acyclic. 

As a consequence, we obtain the following result. 

Theorem 1.4. In the above notation, suppose that either {M,B) or {Mr,Br) is acyclic 
quantum seed. Then for any A € Z>o, we have that Hc'^^^^ {Wr)j) is pure of 
weight i. In particular, by the above Corollary, we have that all cluster monomials M,.(A) 
are positive elements of 7a- 

Actually, below we formulate a Conjecture 12.51 which is stronger than positivity conjec- 
ture, and prove it under the assumptions of Theorem 11.41 (Theorem 16. 6p . 
The paper is organized as follows. 

In Section [2] we recall the definition of skew-symmetric quantum cluster algebras (Defini- 
tion [27T]), formulate Laurent Phenomenon (Theorem 12. 3p and Positivity Conjecture (Con- 
jecture [23]). Here we also propose a stronger conjecture (for skew-symmetric case) about 
Lefschetz property (Conjecture 12. 5p . 

Section [3] is devoted mostly to an overview of DT theory for a quiver with polunomial 
potential, in the framework of mixed Hodge modules. Following [KSlOj . we recall moduli 
of quiver representations (Subsection 13. ip . the category of monodromic mixed Hodge struc- 
tures (Subsection l3.2p . Donaldson-Thomas series (Subsection l3.3p and factorization theorem 
for them (Theorem 13. 6p . Here we also recall stable framed representations (Subsection 13. 4p . 
and obtain a formula relating them to DT series (Theorem 13. 7p . Result of this kind is 
actually standard in Donaldson-Thomas theory. 
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In Section m we recall various notions and results on categorification of (quantum) cluster 
algebras: Ginzburg DG algebras (Subsection l4.ip . mutations of quivers with potentials and 
decorated representations (Subsections 14.21 14.3|) . derived equivalences of Keller and Yang 
between Ginzburg DG algebras of two QP's related by a mutation (Subsection 14. 4p . We 
recall the tilting of t-structures using torsion pairs (Subsection 14. Sp . also the theorem of 
Nagao (Theorem 14. 7p about the natural derived equivalence arising from the sequence of 
mutations. In Subsection 14.61 we recall the result of Plamondon (Theorem 14. 9p . and explain 
how it is related to the theorem of Nagao (Lemma I4.10p . 

We also recall 3 CY Aoo -categories associated with quivers with potentials (Subsection 
14. 7p and explain how they can be used to extend DT theory to some quivers with formal 
potentials, in particular, to QP'S which are mutation equivalent to polynomial QP's (Sub- 
section 14. sp . We end this section with explaining that torsion pairs arising naturally from 
a sequence of mutations (from Theorem 14. 7p actually come from some central charges and 
decompositions of the upper half-plane into disjoint union of two sectors (Theorem I4.17p . 

Section [5] is devoted to the proof of Theorem I l.H the more precise formulation is Theorem 
15. 3[ The central charge and the angle (p come from Theorem l4.17l First, we obtain a formula 
for cluster monomials using conjugation by certain DT series (Theorem 15. ip and then, using 
Theorem 13.71 we obtain the desired expression in terms of stable framed representations. 

In Section [6] we explain that the positivity conjecture reduces to a conjecture on pu- 
rity of critical cohomology (the first half of Conjecture 16. Sp . and the stronger conjecture 
on Lefschetz property (Conjecture 12. 5p reduces to the (conjectural) existence of Lefschetz 
operator on critical cohomology (the second half of Conjecture 16. 8p . We easily show that 
purity and existence of Lefschetz operator holds in the case when either initial or mutated 
seed is acyclic (Theorem 16. 6p . in particular proving Theorem 11.41 We also give an example 
when the relevant mixed Hodge module of vanishing cycles is not pure, but the critical 
cohomology is however pure. 

In Section [7| we conjecture that for the relevant moduli of stable framed representations, 
there exists an exceptional collection in (the Karoubian completion of) the homotopy cate- 
gory of matrix factorizations. This conjecture implies the first half of conjecture 16.81 namely 
the purity. 

In Appendix we prove Theorem 14. 15^ which allows to use DT theory for some quivers 
with formal potentials. 

Acknowledgements. I am grateful to Maxim Kontsevich and Yan Soibelman for useful 
discussions. 
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2. Quantum cluster algebras 

In this section we introduce skew-symmetric quantum cluster algebras, formulate the 
Laurent Phenomenon and the Positivity conjecture, following [BZj . 



2.1. Quantum torus. Let L = Z"^ be a free abelian group of rank m, and A : L x L — )• Z 
be a skew-symmetric form. We associate to the pair A) the based quantum torus 7a- 
It is a Z[g^ 2] -algebra, with the Z[g^2]-basis X^, e E L. The product is given by the 
formula 

X'^-Xf = q^X^+^. 
Clearly, we have commutation relations 

X^'Xf = q^'^^'f^X^X^ 

Associativity is obvious. Further, we have that the ring 7a satisfies (left and right) 
Ore condition, hence we have its skew- field of fractions J-\, which contains central subfield 



2.2. Toric frames. A toric frame is a map M : Z™ — )• J^a, which is of the form 

M(c) = (^(X''(^)), 

where 77 : Z"^ — t- L is an isomorphism of lattices, and ip £ "^^^^qj- ^-((-^a)- 

Consider the skew-symmetric integral form Am = A^ on Z*", transferred from L by rj. 
It is clear that we have 

M{c)M{d) = q^^^^M{c + d), M{c)M{d) = q^"^''''^^ M (d) M (c) . 

In particular, M is uniquely defined by Xi = M{ei), where Cj G Z™ are standard basis 
elements. 

On the other hand, given rj (and hence A^ ) we can formulate necessary and sufficient 
conditions on elements Xi, . . . , Xm £ J~A to give rise to a toric frame: 

(i) elements Xi, . . . , Xm are invertible and we have 

XiXj = q^^'^'^'^^^XjX,; 

(ii) the induced map 7a,, J^A, 

X" ^ (g-2 )i<-<j<'" . . . X^, 

is injective; 

{in) elements Xi,...,Xm generate the skew-field over Q{q^). 
Then 

M{c) = (g-2 )i<><j<- Xl^ . . . X"^ 
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is a toric frame. 

2.3. Skew-symmetric quantum seeds. Fix an integer 1 < n < m. A skew-symmetric 
quantum seed is a pair (M,B), where M is a toric frame for J^\, and B G MatrnxnC^) 
is a matrix such that 

&h-M = In, 

where /„ e Mat„xm(^) is a matrix with identity block n x n and zero block n x (m — n). 
Note that the upper n x n submatrix B of S is necessarily skew-symmetric, since 

B = InB = B^ Am B . 

For a quantum seed {M,B), we have the set X = {Xi, . . . ,X„i}, where Xi = M{ei). 
The subset X = {Xi , . . . , X„} is called a cluster associated to (M, B), and the elements of 
X are called cluster variables. The elements M(A), A G Z>q, are called cluster monomials. 
The elements of C = X \ X are called coefficients. 

2.4. Mutations of skew-symmetric quantum seeds. Let (M, B) be a skew-symmetric 
quantum seed as above, and choose an integer 1 < A; < n. We recall that mutation 
Hk{M,B) = {M',B') is defined as follows. First, 



—bij ii i = k oi j = k; 

t I \bik\f>kj+hk\Hj\ 
Utj -|- 2 



Second, in order to define M' it suffices to define M'{ei), 1 < i < m. Put 

M(ej) for i ^ k; 



M{ Y, bikSi - Cfe) + M(- bikCi - Cfe) for i = k. 

bik>0 bik<0 



Note that the set of coefficients C is invariant under mutations. 

Definition 2.1. Let S be some equivalence class of skew- symmetric quantum seeds under 
mutations. Then the cluster algebra As is the Zlq^i] -subalgebra of J-a generated by the 
union of all clusters associated to quantum seeds in S, the coefficients and their inverses. 

We will use the following replacement of matrices B. Namely, first, skew-symmetric 
integral matrices B G Mat„xn(^) are in bijection with quivers Q such that the vertex set 
V{Q) is identified with {1, . . . ,n}, and there are no loops or oriented 2 -cycles in Q. The 

mutation of matrices corresponds to natural mutations of qiiivcrs. Further, for a matrix 
B G Mat„jxn(Z) such that the upper submatrix B G Mat„xn(Z) is skew-symmetric, we 
can take a (non-unique) quiver Q with V{Q) = {!,... ,m}, without loops and 2 -cycles. 
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such that the corresponding matrix of the numbers of arrows {aij)i<_ij<_rn is related to B 
by the formula 

CLji — CLij = bij, 1 < i < m, 1 < j < n. 
The mutations of B correspond to mutations of Q at the vertices 1, . . . ,n. We denote 
by Q[i^,,,^n] the full sub quiver of Q on the vertices l,...,n. 

Definition 2.2. The quantum seed {M,B) is called acyclic if the quiver (5[i,...,n] acyclic. 

2.5. Laurent phenomenon and positivity conjecture. The following result was proved 
by Berenstein and Zelevinsky |BZ] for a more general class of skew-symmetrizable quantum 
cluster algebras. 

Theorem 2.3. Assume that L = Z"^, and suppose that equivalence class S of skew- 
symmetric quantum seeds contains a representative (initial quantum seed) {M,B), where 
M(c) = X'^, c G Z™. Then the quantum cluster algebra As is contained in 7a- 

Conjecture 2.4. In the assumptions of the above theorem, all cluster monomials are pos- 
itive, i.e. of the form Yl PciQ^)X^, where Pdq^) £ Z[q^2] are Laurent polynomials with 

c 

non-negative coefficients. 

Of course, positivity conjecture reduces to cluster variables, but it is more natural to 
consider all cluster monomials. 

We would like to propose a stronger conjecture. Namely, we say that the polynomial 
P{q2) G Zlq^^"^] satisfies Lefschetz property, if there is some N G X such that P is the 
non-negative linear combination of polynomials 

— ^ ^ 2 k k — 2 k 

P = 2_^CkP{N,k) = q~{q~ + q~ + ■ ■ ■ + q— +q2), 

where all the numbers k G Z>o, for which Ck is non-zero, have the same parity. 

Conjecture 2.5. In the notation of the Conjecture \2.4\ the polynomials PciQ"^) satisfy 
Lefschetz property. 

Below we will obtain the following result (see Theorem 16. 6p as an application of the 
general formula (Theorem 15. 3p for quantum cluster monomials. 

Theorem 2.6. Suppose that either initial quantum seed (M(c) = X'^,B) or the mutated 
(by a sequence of mutations) quantum seed {M',B') is acyclic. Then the statement of 
Conjecture \2.5\ holds for all cluster monomials M'(A), A G Z™q. 
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3. Donaldson-Thomas theory for a quiver with polynomial potential 

In this section we recall the Donaldson-Thomas theory for a polynomial QP (quiver with 
potential), mostly following Kontsevich and Soibelman |KS10 ]. 

3.1. General notions. Let Q be a finite quiver with a set of vertices V{Q), and Ojj G Z>o 
arrows from i to j. Denote by E{Q) the set of arrows (edges). 

We will always consider representations as right modules over the path algebra CQ . 
Take some dimension vector 7 = (7*)igi/(Q) S Z>o- We have an affine space of complex 
representations in coordinate spaces C*"' : 

M^= Yl Hom(C^',C^')'^'^' = e'^'s^cs' 

Further, we have an algebraic group = Yl GL{'~f^,C) acting on by conjugation. 
Now, take some polynomial potential on Q, i.e. an element 

W G HHo{CQ) = CQ/[CQ,CQ]- 
In other words, W is finite linear combination of cyclic paths 

a 

We assume that Co- = if cr is a path of length zero. In particular, if the quiver Q is 
acyclic, then W = 0. 

Then, W defines a regular function on My : 

Wy = Tr{W) -.My^C. 

Clearly, we have £ C[My]'^-> . 

Now, take the Jacobi algebra of (Q, W) : 

jQ,w = C[Q]/{daW,aGE{Q)), 

where we take the quotient by the two-sided ideal generated by partial cyclic derivatives of 
W by all edges a. 

We have a closed G-y -invariant subset Rep(jQ^vK)7 C My which consists of all represen- 
tations on which cyclic derivatives of W act by zero. It is easy to check that 

R.ep(jQ,vK)7 = Crit(VKy) = {dW^ = 0}. 

Also, we have a closed G-y -invariant subset Nilp^ C which consists of nilpotent 
representations. Recall that a representation E oi a quiver Q is called nilpotent if all 
sufficiently long paths of Q act by zero on E. The intersection 

Nilp nCrit(VFy) C Crit(VFy) n W~^{0). 
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is precisely the set of representations of the complete Jacobi algebra 

Jq,w = CQ/{daW^E{Q)) 

(in coordinate spaces C'' ) with dimension vector 7. Here we complete w.r.t. the length 
of paths. 

Let us define the degree of the polynomial potential W to be the maximal length of the 
cycle which contributes to W. Let us say that some property holds for a generic potential 
W if for sufficiently large there is a dense open subset in the affine space of potentials 
of degree < N for which the property holds. The following observation was suggested to 
me by M. Kontsevich. 

Proposition 3.1. For a generic polynomial potential W, we have an equality 

Nilp^ n Crit(W"^) = Crit(W"^) n w-^(o). 

Proof. We claim that we can find a collection of cyclic paths ai,. . . ,ai such that the 
subset Nilp^ C is given by equations Tr((Ji) = • • • = Tr{ai) = 0. Indeed, since My 
is Noetherian, it suffices to show that if E e My, and Tr^; (cr) = for any cyclic path a, 
then E is nilpotent. 

We show this as follows. Take any vertex i G V{Q), and let Bi C End(£'i) be anon-unital 
subalgebra, which is the image of (ei(C(5)ej)n (C(5)+, where Cj G CQ is the idempotent at 
the vertex i, and (CQ)+ C CQ is the ideal generated by arrows. Then we have Tr£;.(6) = 
for any 6 G -Bj. Hence, by Engel's Theorem, Bi is contained in the subalgebra of strictly 
upper triangular matrices w.r.t. some basis of Ei. It follows by Dirichlet's principle that 
any path in Q of length at least J2 7* ^^ts by zero on E, therefore E is nilpotent. 

Hence, there is a finite collection of cycles ai,. . . ,ai with the required property. Now, 
put 

No = max(deg(c7i), . . . ,deg((T;)). 

The statement of the Proposition follows from Bertini's Theorem, applied to the linear 
systems 

P(VAf), Vn = {Tr{a), 1 < deg{a) < N) C H\M^, O), > A^o- 

□ 

Now take some central charge on Q, i.e. a homomorphism of abelian groups 

z : jyiQ) C, 

given by a map 

V{Q) ^H+ = {Imz > 0} C C. 
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Then, for any non-zero dimension vector 7 G iX}^'^ \ {0} we have ^(7) G thus we 

have Arg(Z(7)) G (0,7r). Now, for any non-zero finite-dimensional representation E oi Q 
we define its slope 

<P{E) := Kig{Z{E)) e (0,7r), Z{E) := Z(dim^). 

Definition 3.2. A non- zero finite- dimensional representation E of Q is called stable (resp. 
semi-stable) w.r.t. Z if for any of its proper non-zero subrepresentation E' C E we have 
(l){E') < (l){E) (resp. (t){E') < (l){E) ). 

The foHowing is well-known: 

Proposition 3.3. For any finite- dimensional representation E of Q we have a unique 
increasing filtration = Eq C Ei C . . . En = E, such that all subquotients Ei/Ei^i are 
semi-stable, and 

>P{Ei) > >P{E2/Ei) > ■ ■ ■> (t>{En/En-l). 

This filtration is called Harder-Narasimhan filtration. 

Definition 3.4. Take some sector V C 71+ , i.e. V is closed under summation and 
multiplication by positive reals (for example V may be just a ray). Then the open (but 
possibly empty) G-y -invariant subset 

consists of representations E such that for the Harder-Narasimhan filtration E, on E we 
have Z{Ei/Ei-i) G V. 

To see that M^y C is indeed open, note that its complement consists of represen- 
tations E G -My, such that either there exists a non-zero subrepresentation E' C E with 
ATg{Z{E')) > Arg(y), or there exists a non-zero quotient representation E" of E such 
that Arg(Z(£"')) < Aig{V). Both of these conditions are clearly closed. 

3.2. Monodromic mixed Hodge structures. We refer the reader to [S], [PSj for the 

introduction to M. Saito's theory of mixed Hodge modules. 

Recall the category EMHS of exponential mixed Hodge structures, which was used 
by Kontsevich and Soibelman [KSlOj . It is defined as some full subcategory EMHS C 
MHMj^i of the category of mixed Hodge modules on the affine line. Namely, 

EMHS = {M £ MHM^i \ Rr(rat(M)) = 0}, 

where rat : MHM^i — )■ Perv(A^,Q) is the Betti realization functor. 
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The category EMHS is closed under the Thom-Sebastiani product on 
D''{MHMj,i): 

Mic+N = sum^{M lEl AT), 

where sum : x — >■ is the summation morphism. 

Now, the inclusion functor i : EMHS MHM^i has left adjoint p : MHM^i 
EMHS, such that poi = id, and the composition iop =:Il is given by the formula 

n(A#) = M*+ (j!Qg^(0)[1]), 

where j : Gm ^ is the embedding. 

The category EMHS carries the weight filtration: for E G EMHS, put 

WEMHS^ = U{Wn+lE), 

where W,E is the usual weight filtration on MHMp^i . In particular, if S is an admissible 
variation of mixed Hodge structures on Gm, then we have the object 

E = 3^S[1] G EMHS, W^^^^E = ji [1] . 

Objects of EMHS of this kind form the subcategory 

MMHS = {M e EMHS \ M is unramified over Gm C A^} C EMHS, 

closed under Thom-Sebastiani product 

Definition 3.5. Let X be a smooth algebraic variety, / : X — > C a regular function, and 
X^P c := /~^(0) a locally closed subset, and let u be the coordinate on Gm- Then the 
critical cohomology with compact support Hc''^"*{X^p, /) is defined by the formula 

H'f'\X'P,f) = 

H'+\{Gm ^ A^)i{X'P xGm^ GmUX''' X Gm ^ x'' X QxxG^(O)) G MMHS. 

u 

Here we take the vanishing cycles functor (j)f : D^{MHMxxGm) ~^ ^^i^^^-^xOxGni)^ 

u 

preserving the t-structure. 

If the variety X equipped with the action of some affine algebraic group G C GL{N), 
and / and X^p are G -invariant, then the equivariant critical cohomology H*'q^*{X^p, f) 
is defined in the standard way. 
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3.3. Donaldson-Thomas series. Now, for any central charge Z : iX^^^ — t- C, the sector 
V C "H+j and the dimension vector 7 G Z>o'^\ we have the closed -invariant subset 
M^P^ := Nilp^ n Crit(W^) n M^y. 



We have the Euler form x : TL^ 



X 



7/ 



Put i? = Kq{MMHS). This is a commutative ring via the Thom-Sebastiani product 
We have the decreasing filtration 

pPR = Z-[E]CR. 

E&MMHS, 

^EMHSe^q 

Put 

R := lim R/PPR. 

p 

We have the object T = j\Qc,n{~'^)[M ^ MMHS. We denote by the same letter its class 
in R. 

Further, let H* be some graded object of MMHS, satisfying the assumption that for 
each pel, W^^"^m = for all but finitely many i. Then its class in R is defined by 
the formula 

m = Y,{-inw]eR. 

The motivic quantum torus Tq"* is the algebra over i?[r2], with the i2[T2] -basis w^, 
7 G Z^. The multiplication is given by the formula 

VI V) — T~^^'^^''^^\ii 

"'71 "^72 — "'71 +72 ■ 

We will use the modified monomials 
They satisfy the relations: 

,„^^ . . -X(71.72) + X(72.7l) , ^ ^ ^^(^^^2)+;.(^2,7l) - 

For any strict convex cone C C (not necessarily closed) one defines the completion 
Tq'q of Tq by the formula 

^Q,c = E n ^[^^] • ^7+7' c n ^[^"] ■ 

7GZ^7'GZ-fnC 7ez-f 
The product on 7q,c comes from the formula ()3.ip . 
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Now, the sector V C ^-L-^- defines the cone 

= {7 e rU I ^(7) G V}- 
One defines the critical DT series Ay by the formula 
(3.2) Ay = l+Y^ [DiH^ffiM^y, W,))] . T^^S E T^^V' 

where D is the duality functor on MMHS. 

Kontsevich and Soibelman [KSIO] proved the following result: 

Theorem 3.6. Suppose that the sector V C "H^ is the disjoint union of two sectors 
^1)^ C in the clockwise order. Then we have 

Ay = Ayj^Ay^. 

3.4. Stable framed representations. Fix some < < vr, and define the sector 

V<^ := {zen+l Arg(z) < ^} C %+, 

and analogously V^^, V>^, V-^^ C %+. 

Take any vector A G Z^q*^^ \{0}. Take the projective CQ -module Px = © i where 

Pi is indecomposable projective module in the i -th vertex. Define smooth variety 



K% A = {(^ e M^y^., u:Px^E)\ Coker(n) e Myy for some 7'}, 



and analogously M^{r^^, both equipped with -action. Clearly, we have -equivariant 
closed subsets 

7iS<PiA 7iS<PiA' 7,<0,A 7,<(p,A 

Take the lattice = Z^^*^) x Z, and extend the form x onto La by the formula 
X((7, 0), (0, 1)) = 0, x((0, 1), (7, 0))=-Yl xm 1), (0, 1)) = 1. 

We have the corresponding motivic quantum torus T^°* and its completion 72^°^^ 
(resp. fr°i ). 

Proposition 3.7. The action of Gj on M^^^^ ^ (resp. M^-^^^^) is free, so that we 
have an algebraic variety 

-^;S,.A - ^^S^.a/G7 (resp. A^;f^,,, = M^^^JG,). 

Put 



<;,A= E [^(^••^"*(-^;^'^^iA>^7))]-r^™ser, 
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and analogously for A^^"^ 



«l>,y 

2) We have the following identity in '72^°^'^ 



<,;,x*'>0 

(3-3) Av^^w^o^^)Ay^^^ = w^o,i) ■ A'Jl^, 

and analogously for A^J^ y 

Proof. 1) is standard. We present its proof for completeness, for the case of M^^^^y The 
case < ^ is analogous. 

Suppose that g G G-y, g 7^ 1, and g ■ {E,u) = {E,u) for some {E,u) G iW^^T^^. Then 
we have a non-trivial automorphism g : E ^ E in Mod CQ, such that g o u = u. Then 
{g — id)|iin(u) = 0, hence {g — id) defines a morphism Coker('u) E. But E G M^y^^, 
and Coker('u) G My y^^, hence HomcQ(Coker(n), = 0. Thus, g = \d. 

2) We consider only the case < (j). The case < (j) \s analogous. 

Consider the quiver Q^; such that V{Q\) = V{Q)U{v}., the arrows between the vertices 
from V{Q) are the same as in there are exactly A* arrows from i to u, and no other 
arrows. Clearly, we have the natural identification 

M(^,i) ^ {{E eM^,ue BomcQiPx,E))}. 

We define two kinds of extensions of the central charge Z : Z^^^^ — >■ C to TX^^^ x Z. 
First, choose < a < minjgy(Q) Arg(.Z(ei)), where {ei,i G V{Q)} is the standard basis. 
Put 

Zi((7,0)) = Z(7), Zi((0,l)) =exp(a^/^). 
If Ay are DT series for Qx with central charge Zi, then 



„2 



n>o ^ J ■ ■ - y I 

In particular, we have 
(3.4) 

n>0 ^ ^ • • • V ; V ) ■ ■ - K ) 

Another choice of the central charge is the following. Choose some < e < and 
t > 0. Put 

Z,,t((7, 0)) = Z(7), Z,,t((0, 1)) = t cxp(((/) + e)^/^). 
Again, we denote by Ay* the DT scries for Qx with central charge Zg^j. First, we have 

(3-5) A\f =Ay 
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Second, for a fixed e we have 



(3.6) lim =^y<^- 



Finally, we claim that 

(3.7) lim ^ hrn^ ^^<Arg(.)<0+2. = ^ 7^^:^^ ^^^^^(O'-) " ^'i' "A- 

n>0 ^ / • • • V / 

Indeed, take any 7 G Z>0) and n > 0. Choose sufficiently small e > in such a way 
that for any non-zero dimension vector 7' < 7 with Arg(Z(7')) > (j) one has Arg(Z(7')) > 
(j) + 2e. Then, choose sufficiently large t > in such a way that for any dimension vector 
7" < 7 we have 

(t> < Arg(t exp(((/) + e)i) + Z{-f")) < + 2e. 

Then, it is easy to see that for the central charge Z^^t we have the G-y -equivariant identi- 
fication 

^(7,n),</.<Arg(z)<</.+2£ = ^^!<<l,,nX- 

This implies the formula ()3.7p . 

Compairing (j3.4p with ()3.5p , (|3.6p and ()3.7p , and applying Theorem 13.61 we get the fol- 
lowing chain of equalities: 



n>0 ^ V ^ 

(lim lim ) • (lim lim Jl^^. , . , r, ) • (lim lim AV,^ ) 



n>0 ^ ^ • • • V ^ 

Now, multiplying on the left by Ay^ , on the right by Ay^^ , and compairing the coef- 
ficients for i()(-y,i), we obtain the desired formula (|3.3p . □ 

4. Categorification of quantum cluster algebras 

In this section we mostly recall various notions and results related to categorification of 
(quantum) cluster algebras. We also explain in Subsections 14.71 and 14.81 how the Donaldson- 
Thomas theory can be extended to some quivers with formal potentials. 
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4.1. Ginzburg DG algebras. The notion of Ginzburg DG algebra for a quiver with formal 
potential is due to Ginzburg, see [G] . 

Let Q be any quiver and W a formal potential on Q, i.e. an infinite linear combination 
of cyclic paths of positive length. The (complete) Ginzburg DG algebra Tq.vk is defined 
as follows. Define the graded quiver Q as follows. The vertex set of Q is the same as of 
Q. Further, the edges of Q are: 

1) The edges of Q of degree zero; 

2) The edges a* : j ^ i for any arrow a : i ^ j in Q, deg(a*) = —1; 

3) For each vertex i, the loop ti at i, deg(ti) = — 2. 

As a graded algebra Fq.vk is the complete path algebra of Q (w.r.t. the length of paths). 
Further, the differential d on Tq^\y is continuous, and on the arrows we have 

d{a) = 0, d{a*) = daW for ah edges a G E{Q), d{ti) = ei(^[a,a*])ei. 

a 

We have the derived category D(Tq^w), and the subcategories 

D'iTQ^w) C Perf(fQ,iy) C D{rQ,w), 

where Perf (Fg^pi/) denotes the subcategory of perfect DG modules, and D'^ stands for DG 
modules with finite-dimensional total cohomology. Denote by l the natural embedding 

i : D^Tq^w) Perf(fQ,iy), 

see pCY] . 

Since the DG algebra ^q,w is concentrated in non-positive degrees, we have the natural 
t-structures on DCTq^w) (resp. D^{Tq^w) ) with the heart being the category of modules 
(resp. finite-dimensional modules) over H^{rQ^w)- Clearly, we have 

H°{tQ,w) = Jq,w := CQ/{daW^7£E{Q)). 

We have isomorphisms 

i^o(Perf(fQ,H/)) = Z^^'^)^ Ko{D\rQ,w)) = 

where the basis for iro(Perf (Fq^vk)) is given by classes [rQ,vK,j] = [ejFgj^], i G V{Q), 
and the basis for Kq{D^{Tq^y/)) is given by the classes [Si], i G y{Q), where Si is the 
simple module at the vertex i. Moreover, the Euler pairing 

X : Ko(Perf(fQ,H/)) x i^oP''(f q,w/)) ^ x([i^], [F]) = V dimHom"(i^, F), 



is perfect since 

X{^Q,W,il [Sj]) = Sij. 
Also, the following is well-known, see [G] or |KYj . 
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Proposition 4.1. 1) For E,F € D^{tQ^w) We have 

x{[imAF]) = xQm,[F])-xQ{[F],m. 

2) We have the Koszul resolution 

{0 '^Q,W,k ^ ^Q,W,j — > ^ ^Q,W,i ^Q,W,k 0} = i{Sk), 
f}:k—^j a:i—^k 

hence 

HSk)]= ^ {aki- aik)[tQ,w,i]- 
ieViQ) 

4.2. Mutations of quivers with formal potentials. The notion of mutation for a quiver 
with formal potential is due to Derksen, Weyman and Zelevinsky |DWZ| . 

Let Q be a finite quiver, and W a formal potential on Q. Take some vertex k G V{Q), 
and assume that there are no loops at k. We recall the mutation fikiQ,W). 

First, the pre-mutation fj,^^{Q,W) is defined as follows. The set of vertices of tJ^Y^iQ) 
is the same as that of Q. Further, each edge a : i ^ k in Q is replaced by the edge 
a : k ^ i, and similarly for each edge b : k ^ j. Further, for each pair of edges a : i ^ k, 
b : k ^ j, we add a new edge [ba] : i ^ j. 

The potential /J^^'^W on fJ^^^Q is defined as the sum Wi + W2, where 

Wi= [ba]ab, 

a:i—^k, 
b-.k^j 

and W2 is obtained from W by replacing each occurrence of ba (in the cyclic paths of 
Q ) by [6a], b : k ^ j, a : i ^ k. 

Now, two QP's {Q,W) and {Q',W'), with the same set of vertices V{Q) = V{Q'), 
are called equivalent if there is a continuous isomorphism ip : CQ — t- CQ', preserving the 
idempotents in the vertices, such that ip(W) = W. The QP {Q,W) is called trivial if 
its Jacobi algebra Jq^w is zero. Further, the potential on Q is called reduced if no 
loops or 2 -cycles contribute to W. The property to be trivial or reduced is preserved under 
equivalences. 

Definition 4.2. // {Qi,Wi) and ((52,1^2) are QP's with V{Qi) = V{Q2), then the direct 
sum 

{Q,W) = iQi,Wi) (B {Q2,W2) 

is defined by putting 

V{Q):=V{Qi) = V{Q2), E{Q) := E{Q{)U E{Q2), W ■.= Wi®W2. 
The following is proved in [DWZ] . 
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Proposition 4.3. Any QP {Q,W) is equivalent to the direct sum of the reduced one and 
the trivial one: 

{Q:W) {Q,W)red(B {Q,W)tr^,. 

Both {Q,W)red o,nd {Q.,W)triv are determined Uniquely up to equivalence, and their equiv- 
alence classes are determined by the equivalence class of {Q,W). 

Now, one defines 

l^k(.Q,W) = fll'-\Q,W)red- 

Hence, mutation is well-defined up to equivalence. 

4.3. Decorated representations and their mutations. The notion of a decorated rep- 
resentations and the construction of their mutations appeared in |DWZj . 

Let {Q,W) be a formal QP. Put Rq = C^(Q\ considered as semi-simple commutative 
algebra. 

Definition 4.4. A decorated representation Ai = {M,V) of {Q,W) is a pair of finite- 
dimensional Jq^w -module M and the finite- dimensional Rq -module V. 

If {Q',W') is another QP with V{Q') = V{Q), and M' = {M',V') is a decorated 
representation of {Q',W'), then Ai and Ai' are said to be equivalent if there exist a 
triple {ip, (l),r]), where: 

1) V • — CQ' is a continuos isomorphism of algebras, such that 'ip{W) = W' 

2) (f) : M ^ M' is an isomorphism of CQ -modules, where the CQ -module structure on 
M' comes from -0; 

3) T] : V ^ V' is an isomorphism of Rq -modules. 

Now, for any decorated representation Ai = {M,V) of the QP {Q^W)^ we can choose 
an equivalence 

{Q,W) ^ {Q,W)red® {Q,W)tri, 

as above, giving an isomorphism Jq^w — J{Q.W)red' treat M as a J(q^^)^^^ -module. 
Hence, we get a decorated representation Aired of {Q,W)redi defined up to equivalence. 

Now, assume that there are no loops at the vertex k G V{Q). We define the pre-mutation 
//^''^(A^) = {M,V), which is a decorated representation of fj,^^^{Q,W). Put 

Min := Mj, Mont ■■= Mi. 

We have natural maps a : Min — )• M^, j3 : — )• Mout- Further, we have a natural map 

7 : Mont ^ 
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with the components 9[(,a]W^2; where a : i ^ k, b : k ^ j, and W2 is the above component 
of the potential fJ-^^iW), obtained from W by replacing each peace ba by the edge [ba]. 
Here we treat 9[ba]1^2 as elements of CQ, replacing each arrow of the kind [b'a'] by the 
product b'a'. 

A straightforward checking shows that 07 = 0, 7/3 = 0. We define 

Mi:=M„ Vi:=V, for i ^ k, 

and 

ker7 , kera - ker/3 

Mk:= —^(Blm-f®- Vfc, Vfc := 



Im /3 Im 7 ker /3 H Im a 

We need to define the action of arrows of fJ-^'^iQ) on Mj. If c is an arrow of Q, not 
incident to k, then c acts on M in the same way as on M. further, if a : i — )• A;, b : k ^ j 
are arrows in Q, then [ba] acts on M in the same way as the product ba acts on M. We 
need to define the action of arrows a, b. Their action is given by the maps 



a : Mont ^Mk P : Mk ^ M, 



in: 



defined as follows. Choose some projection p : Mout ker 7, i.e. /9|ker7 = id • Also, choose 
a splitting a : kera/Im7 — )• kera. 

The non-zero components of a are 7 : Mout — ^ Im7, and vrp : Mout — ^ ker7/Im^, 
where vr : ker 7 — )• ker j/lm f3 is the natural projection. 

The non-zero components of /3 are the inclusion Im7 M^, and tcr : kera — )• 
Im7/Mj„, where i : kera — )• Mj„ is the inclusion. 

One can check that the defined action of Cp^'^{Q) on M actually defines the structure 
of J^pre^g ,^^ -module structure on M. We put 



red' 



Again, the decorated representation /xfc(A^) is defined up to equivalence. 
4.4. Derived equivalences. The following is the result of Keller and Yang [KYj : 
Theorem 4.5. 1) If 

{Q,W)r^{Q',W')(BiQ",W"), 

where {Q" , W") is trivial QP, then the Ginzburg DG algebras ^q,w ^"f^-d Tq'^wi are quasi- 
isomorphic. 

2) Let r = Tq^w, r' = r^^(Q,vF)- have two equivalences 

^k,+.^k,- : D{T) ^ D{T'), 

such that 

• We have ^iX^T'i) = T^, i / k] 
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• We have exact triangles 

^kXi^'k) ^ ©r. ^ r, ^ $i(n)[i]; 

k^j 

4.5. Tilting. Let T> be any triangulated category, and {D<q,D>i) a t-structure on T>, 
with tlie iieart A = P<o n 'D>o- Let (T, F) be a torsion pair in A, i.e. T, F C A are full 
subcategories, Hom(T, F) = 0, and for any object £' of ^ there is a short exact sequence 

with Ft e T, Ep £ F. Then, the tilted t-structure (P<[,"^''^, P^i^'^^'-^) is defined by the 
formulas 

V%^-'^'^^ = {X€V<,\H\iX)GT,}, 
pg-il'^ = {XG V>i I H\iX) e F}. 

Also, put ^(^[-1]-^) :=pg;[~ii'^)npg;;^-^]'^). 

Shifting by 1, we get the t-structure {V^J^^^^^^\v^^f^^^^), with the heart ^C^'^W). 
The following was proved by Keller and Yang |KY| : 

Theorem 4.6. VFii/i the above notation, 

^>^^Mod J^,(Q,H/)) = (Mod Jq,h/)(^^''[-^]'^^-\ 

<i>^i_(Mod4(Q,H/)) = (Mod Jq,i^)(^^'='^®W). 
ifere 5"® is i/ie subcategory of all direct sums of copies of S^- 

From this moment we assume that the quiver Q does not have loops and 2 -cycles. 
We say that QP {Q,W) is well-mutatable at k if the quiver Hk{Q,W) does not contain 
2 -cycles (it cannot contain loops). If A; = (ki, . . . , kr) is the sequence of vertices of Q, 
ki 7^ ki^i, then the property to be well-mutatable with respect to the sequence k is 
defined inductively. 

Let k = (fci, . . . , fer) be the sequence of vertices, and suppose that the QP {Q-,W) 
is well-mutatable with respect to the sequence k. For 1 < i < r, put [Qi-^Wi) = 
fJ-kii- ■ ■ fJ-kiiQ, W)). The following result was proved by K. Nagao [Nag]. 

Theorem 4.7. There exists a unique sequence of signs ei, . . . , G {±} such that for each 
1 < i < r we have 

(^fc„e, o . . . ^fci ,e J (Mod Jq^ , w., ) = (Mod jQ,vy ) '1 
for some torsion pair {Ti,Fi) in ModJg^vK- 
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Proof. We present the proof here for completeness. For convenience, for two strictly full sub- 
categories Ci,C2 of an abelian or triangulated category, denote by Ci*C2 the subcategory 
of all extensions of the objects of C2 by the objects of Ci. 

Lemma 4.8. Let D be a triangulated category, and (D<o,I'>i) a t-structure with the 
heart A. Let {T,F) be a torsion pair in A, and {T',F') a torsion pair in ^("^["iJ'^) such 
that T' C F[0] (resp. F' C T[-l] ). Then we have 

(and hence the same for V>i and A ), where T" = Ti.T', F" = FnT'-^. (resp. T" = 

rn^(F'[i]), F" = 

Proof. Straightforward. □ 

Now define the sequence ei, . . . , inductively. The unique choice for ei is " + " . If the 
signs ei, . . . , ej are already defined, for some 1 < i < r — 1, then consider two cases. 

1) The simple Jq^^Wi -module S^^^^ is contained in ^ki,ei ° ■ ■ ■ ^ki,ei{Fi)- Then we put 
ei+i = +. 

2) The simple JQ^^Wi -module is contained in ^ki,ti ° ■ ■ ■ ^ki,eiiTi[-l]). Then we 
put ei+i = -. 

It follows from the above Lemma that the constructed sequence satisfies the required 
properties. It is easy to see that it is unique with the required properties. □ 

4.6. Connection with Plamondon's results. Plamondon [PI] constructed cluster char- 
acter for arbitrary quiver with potential. For any triangulated category D, and any rigid 
object E ^T) (i.e. Hom^ (£',£') =0), he defines the subcategory 

prp^ := {Cone{E^ \ E^,E^ G Add(^)}, 

where Add(ii^) is the full subcategory of finite direct sums of direct summands of E. 
Further, he proves that the natural projection 

TT : Perf(f Q,H/) ^ C := Perf (f Q,H^)/Z)^(f Q,iy) 

yields an equivalence 

PW{fQ,w')(rQ,l^) ^ Prc(7r(fQ,H/)). 
Further, Plamondon defines a suitable subcategory of the later category, and constructs 
the so-called cluster character, describing all cluster monomials via Euler characteristics of 
quiver Grassmannians. For the details, we refer the reader to [Plj . 

We will need the following result which is analogous to Plamondon's Theorem ( |P1] . 
Theorem 2.18). 
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Theorem 4.9. Suppose that the QP {Q,W) is well-mutatable with respect to the sequence 
k = {ki, . . . , kr), and 

{Qr,Wr)=fikA---MQ^W))...). 

Then there is a sequence of signs ei, . . . , such that for 1 < i < r such that 

The next Lemma shows that this sequence of signs is actually the same as in Theorem 

Lemma 4.10. In the assumptions of the Theorem \4-9[ the sequence of signs is actually 
unique and satisfies the property of Theorem \4. 1\ 

Proof. For convenience, put 

f:=fQ,iy, f(i) :=fQ,,H/., {Q^,W,)= ^lkX■■■{^^k,{Q^W))...), l<i<r. 

The statement of the lemma essentially follows from the fact that 

(4.1) Prperf(f)(r[-1]) = ^(f )<i n ^D(f )<(_!) n Perf(f ), 

which is proved in |Plj. 

Now, let ei,...,er be some sequence of signs from Theorem 14. 9| and e'i,...,e'^ the 
unique sequence from Theorem 14.71 Suppose that for some < i < r we have 

= Cj-, 1 < j < i, ei+i ^ e-+i. 

Put 

$(Z + 1) := $fc,+ i,e,+ i...$fci,ei. 

It follows from the proof of Theorem 14.71 that one of the following holds: 

(1) «>(i + l)-i('5fc,+J G (Mod Jq,h^) [-2]; 

(2) ci>(^ + l)-i(5fc,+jG(ModJQ,H/)[l]. 
But we have that 

Hom^(f)($(i + l)-\t{i + + l)"'(^fc,+i)) = Hom^(f(^_^,))(f(i + 1), S^^^,) + 0, 

which contradicts to + (« + 1)) S prp^^f(pj(f[-l]), by (lO) . 

Hence, we have = e^, 1 < j < r. □ 

Taking the signs as in Theorem 14. 7| put 

$(r) := •••^fci.ci- 

Combining Lemma 14.101 and the results of |P2j , we get the following Corollary. 
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Corollary 4.11. In the assumptions of Theorem \4. 7\ each representation 
H^{^{r)~^{TQ^^\Y^j)), j £ V{Q), is either zero, or the decorated representation 
(H^{^{r)^^{TQ^ y[/^ j)),0) of the QP (Q,W) is obtained by the inverse sequence of 
mutations from the trivial decorated representation (0,eji?Q^) of the QP {Qr,Wr). In 
particular, we have 

dimifi($(r)-i(f)) < oo. 

4.7. 3CY -categories. We refer to [KS08], [C], [CLl] . [CL2] for cyclic ^oo - 

categories and potentials. 

First, we recall the definition of an A^o -category with scalar product. Below we use 
Quillen notation it meaning that the signs come from Koszul sign rule. 

Definition 4.12. A C -linear A^o -category C with finite- dimensional graded spaces of 
morphisms is called an A^o -category with scalar product of degree d if there are fixed 
perfect pairings 

(, ) : Hom*(X, Y) Hom'^-^(y, X) C, 
which are super-symmetric, and 

(m„(ao, • • • ,an-i),an) = ±(m„(ai, . . . ,a„),ao) 

for homogeneous ao, . . . ,an with 

deg(ao) H 1- deg(a„) = n + d - 2. 

We call such A^o -categories d -dimensional Calabi-Yau (or just dCY, or cyclic). 

Further, an A^o -functor F : Ci — )• C2 between d CY Aoo -categories is said to be com- 
patible with d CY structure (or just cyclic) if 

(/i(a),/i(/3)) = (a,/3), deg(a) + deg(/3) = d; 

n-l 

X^(/j+i(ao, • • • ,ai),/n-i(aj+i, • • • ,Oin),) 

for homogeneous ao, . . . , q„, n >2. 

Recall the definition of the -category TwC for an -category C. First, take the 
gory C obtained from C by adding all the shifts. Now, let S be some sequence 
of objects {Xi,...,Xn) in C. We have the Aqo -algebra 

End+(5)= Hom(X„X,), 

l<i,j<n 

and its nilpotent A^o -subalgebra 

End+(5)= Bom{Xi,X,). 

l<i<j<n 
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Then the twisted complex is a pair {S,a), where a G End_|_(5)^ is the solution of the 
MC equation 

oo 

En(n + 1) 
(-l)^~m„(a, . . . ,a) = 0. 

n=l 

For a pair {{Si, ai), {82,02)) of objects in TwC put 

(4.2) Rom{{Si,ai),{S2,a2))= Hom(X,y). 

For a sequence, ((5o, ao), • • • , (5'„, a„)) of objects in TwC and homogeneous morphisms 

Xi £ Hom((S'i_i,Qi_i), (5i,Qi)) we put 

(4.3) m„(x„, . . . ,xi) = ^ (-l)'^m„+fco+...+fc„(a^",x,„a^Ti\---,xi,ao''), 

A:o,.--,fcn>0 

^ k (k 1) ™ 

where e = (deg(xj) + A;i)% + Yl 2^ + E ^^i- 

n>i>j>0 i=0 1=1 

If C is a dCY yloo -category, then so is TwC, with the obvious scalar product. 
Let us take any formal QP {Q,W). Then one can associate to it a 3 CY -category 
Cq,w with Ob{CQ^w) = V{Q), such that we have 

Ro{TwCQ,w) = D'{tQ,w). 

Namely, we denote the objects of Cq^w simply by Si, i G V{Q), and put 

Hom°(Si, Si) = Hom3(5i, Si) = C, Hom^(5„ Sj) = = Rom'^{Sj, Si), i,j E V{Q); 

Rom<\Si, Sj) = = Hom>2(5i, 5"^), i / j, Hom<°(5i, Si) = = Rom>''{Si, S^). 

The higher products and the pairing are the following. First, units 1 G C = Hom'^(S'i, Si) 
are strict identity morphisms. Second, the products 

ms : Rom^{Si, Sj) (g> Rom'^{Sj, Si) ilom^{Sj,Sj) = C, 

m2 : Hom2(Si, Sj) (g) Hom^(S'j, Si) Uom^Sj, Sj) = C 

are just standard perfect pairings. They define the pairing (,) of degree 3 on Cq^w 
Further, the higher products 

m„ : Hom^(5i„_i, S'i^) ig) • • • (g) Rom^ {Si^, Si^) Rom^ {Si^, Si J 

are given by the elements of the spaces 

Homi(5,„, (g) Rom\Si„_„Si,y (g) ■ ■ ■ Rom\S,„ Si,)"" , 

which are the components of the potential W. All the other higher products are zero. 
The following is well-known, see [KS08| and |KY| 
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Proposition 4.13. We have natural equivalences of triangulated categories 

Ro{TwCq,w) = Perf(CQ,H^) ^ D^Fq^w), D\Cq,w) = Perf(fQ,w^). 
The equivalences ^k,± of Theorem \4.5\ are induced by A^o -functors 

compatible with the 3 CY structures. 

If A is a 3 CY algebra, then we have a formal power series on : 

n=l 

If f : A ^ B is an A^o -morphism compatible with 3 CY structures, then we have formal 
map f : A ^ B, 

/(") = ^fn{a,---,a), 

n>l 

and we have 

riws) = wa. 

We would like to point out the relation of this potential with the potentials on the moduli 
of quiver representations. Namely, let (Q,W) be a polynomial QP take the Calabi-Yau 
j4oo -category Cq^w defined above, and take the twisted complex := S®'^ . Then 

i€V{Q) 

we have natural identification 

End^(S^) ^ My, 

and the potential VFEnd{ST,) corresponds to the potential W-y. More generally, if is a 
formal potential, then we also have such an identification, but is a function on the 
formal neighborhood of Nilp^ C My. Moreover, if a G End^(S'^) is an MC solution 
corresponding to the representation of Jq,w, then the potential on End^(5-y,a) is just 
given by the formula 

Wo,{z) = Wy{a + z). 
We will need the following result of [Kaj] , 

Theorem 4.14. For any 3 CY A^o -algebra, there is a 3 CY A^o -isomorphism 

A = AjYiin © Afriy 

where Amin is minimal (i.e. mi = 0) and Atriv is trivial (i.e. H'{Atriv,'mi) = 0, 
m>i = 0^3 CY Aoo -algebras. Moreover, both Amin o,nd Atriv o,Te defined uniquely up to a 
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cyclic -automorphism. In particular, we have that after a formal change of coordinates, 
Wa has the form 

where VF™" is the potential on Aj^-^^ = H^(A,mi), and Qa is the quadratic form on the 
space A-'^/ker(mi) given by the formula 

QA{a,a) = ^(mi(a),a), 

and Na is the zero function on Im(mi : AS' ^ A^). 

4.8. DT theory for a quiver with formal potential. Take some formal QP (Q, W). In 
general (if W is not polynomial) we do not have regular functions on M^. However, 
we have well-defined functions on the formal neighborhoods of Nilp^ C M^. Suppose 
that we have some central charge Z on Q. Then for any sector V C we have a well- 
defined G-y -equivariant closed subset M^^y C M^y, which parameterizes representations 
of Jq^w- Define the extension-closed subcategory Cy C mod Jq^w C D''{Tq^w) as a full 
subcategory consisting of isomorphism classes of representations in M^^y, 7 G lX,'^\ 

Note that in general we do not have well-developed DT theory for a quiver with formal 
potential (see the discussion in |KS10j . Subsection 7.1). However, in Appendix we will prove 
the following result. 

Theorem 4.15. Suppose that for some formal QP {Q,W) and polynomial QP (Q',W') we 
have a cyclic A^o -functor cf) : Cq^w — ^ TwCq/^w'j inducing an equivalence <I> : D^{Tq^w) — )■ 
D^(TQi \yi). Let Z be a central charge on Q. Then one can define the classes 

[D{H:ff{M,yr,W,)]€R, 

for all sectors V C 71+, and 7 € 'lX.'^\ such that the following holds. 

1) Suppose that there is only one -orbit in M^^y, and for the corresponding repre- 
sentation E of Jq^w we have 

Ext^ {E,E) = 0, Xq(7,7) = dimExt°(S,S) mod 2. 

Then we have 

(4.4) [D{H'ff{M^yyP, W^)] = [H'{BAut{E))] • T^^i^c Aut(i?)_ 

2) Define the DT series Ay using the classes [D{H*'Q^*{M-yy)^P,W^)] G R, as in the 
formula (|3.2p . 

Suppose that we have a central charge Z' on Q' , and for some sectors V,V' C 7^+ we 
have that 

$(Cy) = Cv, Cv C D^Tq^w), Cv C D^{tQ,^w'), 
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and assume that 

(4.5) XQ'm{l),mi))^XQ{in) mod2, ^(^iy^Q\ 

Then we have 

Ay, = m{Av), 

where in the last formula [<I>] denotes the induced map on completions of motivic quantum 
tori. 

3) If the sector V is the disjoint union of two sectors Vi\JV2 (in the clockwise order), 
then we have factorization: 

Ay = AviAy^. 

Remark 4.16. It is well-known (and is easy to check) that the assumption (|4.5p holds for 
equivalences <I> coming from a single mutation, and hence from the sequence of mutations. 

4.9. Torsion pairs and stability. If = y_uy-j_ is the decomposition into the disjoint 
union of two sectors (in the clockwise order). Then we have a torsion pair (Cy_,Cv+) in 
the category mod Jq^v^- In the paper |Nag| it is shown that the torsion pairs on mod Jq^w 
which appear in Theorem 14.7^ are actually obtained in this way. 

Now let k = {ki, . . . , kr) be a sequence of vertices, and ei, . . . , a sequence of signs 
from Theorem 14.71 Again, put 

iQ^,Wi)= f,k,i...if^k,iQ,W))...), $(i) :=$fc,,,,o...$fc^,,^, 0<i<r. 

and 

[Hi-i)-HSkM if<i>(i-i)-i(5fcjer,_i[-i]. 

By Theorem 14. 151 and Proposition 14.13] if the potential Wr is polynomial, then we have 
DT theory for QP {Q,W). 

Theorem 4.17. l)With the above notation, there exist central charges Zi on Q, and 
angles < (pi < it, such that 

^Vy^^ = Ti n (mod Jq,w), Cv^^^ = Fid (mod Jq,w)- 
2) Assume that the potential Wr is polynomial. Then, we have 

^y>,, = (-^^^[5(1)1 ; • • • {-T^wys{i)\\T)%, 

oo 

where iz;q)oo= Yli^ — Q^z) is the q -Pochammer symbol. 

n=0 
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Proof. 1) This result is proved in [Nag], however, we propose a different and simpler proof. 
First we note that the required properties for Zj and (pi are equivalent to the following: for 
all non-zero E £ Tj Pi (mod Jq^vf) (resp. E £ Fjn(mod jg p^) ) we have Arg(Zj([£^])) > (pi 
(resp. Aig{Zi{[E])) < (pi ). Further, this is equivalent to the inequality 

Im(exp((7r - (Pi)^/^)Zi{[^{i)-\F)])) > 

for any non-zero F G mod Jg.^vFi- Since any F £ JQi,Wi is an iterative extension of Sj 's, 
we just need the inequalities 

Im(exp((7r - (P,)^)Z^{MirHSj)])) > 0, j e V{Qi) = V{Q). 

Put 

0, :=|, Im(Zi(e,)) := 1, Re{Zi{Mi)~\Sj)])) := I, j £ V{Q) = V{Qi). 

This determines Zi uniquely, and it satisfies the required properties. 

It is also clear that for any fixed (pi, the set of central charges Zi, satisfying the required 
properties, is in bijection with the set 

2) First, the series Ay do not depend on Zi and (pi (satisfying the required properties) 
so we can choose Zi and (pi as we want. We proceed by induction on i. For i = 1, we have 
that all non-zero representations in M^y are finite direct sums of copies of Sk•^ = '5(1), 
hence by Theorem 14.151 1), and Remark 14. 161 we have 

n>0 

We are left to prove that 

(4-6) 4;,. = 4r.;_, • {-T^^[Si:Dy,Tr, K i < r. 

We will consider the case = + (the case = — is analogous). Then we have 
S{i) = ^{i — l)~^{Ski)- It is clear from the proof of 1) that we can choose and (pi-i 

in such a way that 

Arg(Z,_i([5(0]) exp((^ - (P^-i)V^)) > Arg(Zi_i([cI>(i - ir\S,)]) exp((7r - (P^-i)V^)) 

for j ^ ki. Then, for sufficiently small S > 0, the pair {Zi = (pi = Arg(Zj_i([S'(i)])) — 
6) satisfies the required properties. We have (again by Theorem 14. 15| 1), and Remark 14. 16p 

n>0 

which (together with Theorem 14.151 3)) implies ()4.6p . This proves 2). □ 
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5. Laurent phenomenon via stable framed representations 
Let now L = Z™, A : L x L ^ Z a skew-symmetric form, and 

the associated motivic quantum torus. Fix some 1 < n < m, and suppose that 

(M(c) = x^s) 

is the skew-symmetric quantum seed. Let S be its mutation-equivalence class, and As C 
J^A the associated quantum cluster algebra. 

If {M',B') is some quantum seed, mutation-equivalent to (M,B), then by Laurent 
phenomenon, for each A G Z>q we have that M'(A) G 7a, so we have a well-defined 
element 

m''"°*(A) := M'(A) 1 G TT"*- 
Take the quiver Q as in Subsection 12. 4[ Namely, V{Q) = {!,... ,m}, and Q is without 
loops and 2-cycles, so that 

ajj — aij = bij, 1 < i < m, 1 < j < n. 

We do not impose any restrictions for the numbers aij for n + 1 < i, j < m. 

Let W be some formal potential on Q. We have an identification i^o(Perf (FQ^vy)) = Z*", 
and for the embedding t : D^{Tq ^) ^ Perf (Fg ^) we have 

''{[Sj]) = {bij, ■ ■ ■,bmj), 1 < i < n, 

by Proposition 14. li It follows from the compatibility condition on A and B that 

(5.1) H[tQ,w,il HSj)]) = -X([f Q,iy,i], [i{S,)]) = -6^j, l<i<m,l<j <n. 

Let C[i „] C mod Jq^w be the subcategory of representations supported on the vertices 
1, . . . ,n. It follows from (jS.ip and Proposition 14.11 that for any two objects E,F £ C[i,...,ra] 
we have 

A{[l{E)], KF)]) = -xq{[E], [F]) + xq{[F], [E]). 

Therefore, the coordinate sublattice Z" = i^o(C[i,...,n]) C KQ{mod Jq^w) = ^"^ defines the 
motivic quantum torus T^j^^^^p equipped with the natural injective morphism 

■-j-mot ^, '-i-mot „7, ^ 
l[l,...,n\ ^ 'A ' ^^[E] H> ^ 

From now on, we identify the elements of 7j^^°*^j with their images in 7^"°*, and similarly 
for various completions. 
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Now, let k = {ki, . . . , k^) be any sequence of vertices, 1 < ki < n, kii^ ^i+i- We assume 
that W is well-mutatable with respect to k. As above, we put 

(Q„ Wi) = . . {iJik, {Q,W))...), l<i<r. 

Assumption. We may and will assume that Wr is a polynomial potential on Q^.. 
We have a sequence of signs ei, . . . , G {±} as in Theorem 14. 7i Again, we put 

so that 

$(i)-i(Mod Jq,,h^,) = (Mod Jq,t4^)(^»[-i1'^'). 
Note that we have an inclusion 

(5.2) Ti n mod Jq ,^ C C[i^... .„] , 

which follows from the proof of Theorem 14.71 

Take the central charge Zy on Q, and an angle (j)r from Theorem 14.171 Then, the DT 
series A?/' is well-defined, and it belongs to the completion of 777*°* i, hence we may 
and will treat it as an element of the completion of TJ("°*. 

For convenience, we put 

m 

i=i 

Theorem 5.1. Let Mi = /i^, (. . . (/U^^ (M)) . . . ) : — t- Tx he the mutated toric frame. 
Then, for any A G Z>05 have the equality 



oo ■ 



Proof. First, the statement reduces to the case when Xj = 6k j for some 1 < k < m. So, 
we will assume that this is the case. By Theorem 14.171 we have that 

We will prove by induction on < i < r that 

(5.3) Mr\ek) = (-r5u;[5(,)];rr^...(-r5u;[5»];m- 

. . (^-T-2W[si^)]■,T)^'' ■ ■ ■ i-T-2W[sii)Y,T); 

For i = 0, there is nothing to prove. Suppose that (|5.3|) is proved for some i = I, 
< I < r. Then (|5.3|) holds for i = / + 1, k ^ h^i, since 



/oo ■ 
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just because 

Amr\[tQ„w,,k]): Hs{i + 1))]) = x{m-\[^Q„w:,k]), m + 1)]) = ±5^,^,+, = o. 

Now, for the case k = ki^i, we need the foUowing Lemma. 
Lemma 5.2. Let x,y be some formal variables, satisfying 

xy = q'^yx, e = ±1. 

Then we have 

{-q^'x; q)^y{-q^x\ q)%, = y{l + q^x). 
Proof. Indeed, it suffices to note that 

(1 + q^x)y = y{l + q^~^x). 

□ 

Applying the above Lemma to x = w^s{i+i)]i U — X**-'^^^ (['"o!+i,w;+i,fe;+i])^ ^5 
replaced by Ta, we obtain the following equality: 



Hl)'\-[^Ql.Wi,ki + l'\- (^i)j,fe,+i[fQ,,W,,,]) 

Then, applying the inductive assumption, we conclude that (|5.3|) holds for i = / + 1, 
k = ki^i. This proves Theorem. □ 

The central charge Zr on Q defines the central charge Z', on Qr, namely 

Z;(7) = exp((7r - </),)^/^)Z([<I>(r)]-l(7)). 

Theorem 5.3. For any A G Z™q we have 
(5.4) 

Moreover, the RHS is actually a finite sum. 
In particular, we have that 

(5.5) [^••^"*(-M;^<t%,),A> iWr),)] G Z[r±i] C R 

for all 7. 
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Proof. First we show that the sum in the RHS is finite. Take the projective Jq^^Wr -module 
jQr,Wr,\ = -^Q^Vj- Then the pair {{E G M!^y^^^_^^^,u : JQ,,Wr,\ E)) defines a 
point in M^^j^^ ^ iff the map 

is surjective. By Corollary 14. IH i7^(<I>(r)^^( Jg^ v^i-.a)) = H^{T^^\) is finite-dimensional. 
In particular, M^^^^J^ ^ can be non-empty only if 

< dhn{Hr)-\E)[l]) < ^H\<!>{r)-\jQ,.^Wr,x))- 
This implies that the sum in the RHS of ()5.4p is finite. By ()5.2p . we have that 

Hrr\E)[l]GC[,_^y 
Hence, for all 7 which contribute to the RHS of (j5.4p . we have that 



A([ffc,,],$(r)-i[l](7)) = ^AY. 

i=l 

Thus, ()5.4p follows immediately from Theorem 15. H Theorem 14.151 2), Remark 14. 161 and 
Proposition 13.71 

Further, it follows that 



so ((52]) holds. □ 

6. POSITIVITY CONJECTURE VIA PURITY 

Definition 6.1. A graded object H* in the category MMHS (with H"- = for \n\ » ) 

is said to admit a Lefschetz operator centered at N, if there is a morphism 

L: H' ^ ^*(1)[2] 

which induces isomorphisms 
for all k G Z>o. 

Corollary 6.2. In the assumptions of Theorem \5.3l suppose that for some A and for all 7 
we have that Hp'^"'^ {Ad'^^^l^^^ ^, (PF^)^) is pure of weight i. Then the positivity conjecture 
holds for Mr (A) . 

Suppose that, moreover, that for some A and for all 7 the graded object 
^•,crit i^j^sp,sfr^ ^, (Wr)^i) admits a Lefschetz operator. Then Conjecture \2. 51 holds for 
Mr{X). 
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Proof. Our assumption, together with (jS.Sp . immediately imphes that 

Hr'^^"\M;%%^„ {Wr),) = 0, 

hence 

i,7 

The second assertion is then clear. □ 

For any representation ii^ of a quiver Q, and a dimension vector 7 G the quiver 

Grassmannian Gr(£',7) is the scheme of subrepresentations E' C E with dim(i?/£'') = 7. 
Clearly, Gr(ii^, 7) is a projective scheme. 

Proposition 6.3. In the assumptions of Theorem \5.3l Assume that the subvariety 

■'^'7,<(7r-</.r),A ^ ■'^S,<('r-<Ar),A 

is a union of connected components of the subvariety Crit{{Wr)'y)- Then we can treat 
-A4^^^^^J_^ ^ ^ as a union of connected components of the scheme Crit{{Wr).y). Then there 
is an isomorphism of schemes 

K:X-^r),x = GT{H\h^,),Hr)-'[l]{j)). 
In particular, the scheme ^ ^ is projective. 

Proof. We have already seen in the proof of Theorem 15.31 that there is a bijection between 
closed points of these schemes. It is easy to show that it is induced by an isomorphism of 
schemes. □ 

Remark 6.4. In [PI] . Plamondon obtains a general formula for cluster monomials in 
commutative cluster algebras. The same formulas are actually obtained in [DWZ2j . the co- 
incidence is shown in |P2j . The resulting coefficients are Euler characteristics of some 
quiver Grassmannians. By Corollary \4-II\ these quiver Grassmannians are precisely 
Gr(i7^(r^.j^), <I)(r)^"'^[l](7)). On the other hand, the Euler characteristics of critical coho- 
mology (under the assumption of Proposition [67^) coincides with Behrend's weighted Euler 
characteristics [Bej 

x(-M;^<Y.%,),,) = x(Gr(/7i(f,,,),cI>(r)-i[l](7))), 

where for any scheme X the weighted Euler characteristics is defined using constructible 
function (Behrend's function) 

vx-.X^Z. 

This motivates the following question. 
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Question. Let {Q, W) be a formal QP, and M € mod Jq^w "is such that the decorated 
representation (Af, 0) has E -invariant zero (see |DWZ| . [P2] ). Is it true that for all 7 G 
iX,'^^ the Behrend's function 

V : Gr(^, 7) ^ Z 

is identically equal to 1 ? 

Proposition 6.5. In the assumptions of Theorem \5.3\ suppose that for all 7 and for 
generic Wr (possibly depending on ^ ) the subvariety 

j^sp,sfr j^sfr 
■'^'7,<(7r-0,),A ^ ■'^'7,<(7r-0,),A 

is a union of connected components of Crit{{Wr)-y), and assume that the restriction of 

m 

(0)E^V-XQ.(7,7) + 1] 



onto -M^^'^IJ^^ X is a pure Hodge module of weight ^ A*7' — XQril^l) + 1- Then the 
critical cohomology IIc'^^^^{A4^^l^ ^, {Wr)'y) is pure of weight i, and the graded object 

• crit s sfr . . 

Hc'^" (A^^^^_0^ ^, (Wr)'y) admits a Lefschetz operator centered at Yl ■^*7* ~ XQr(7)7)- 

In particular, in this case the Conjecture \2. 51 holds for Mr{X)- 

Proof. Indeed, by the general theory of M. Saito, the direct image for a proper morphisms 
preserves weights (for objects of the derived category), and the cohomofogy of the direct 
image by a projective morphism of a pure Hodge module admits a Lefschetz operator, see 
[PS] . □ 

Theorem 6.6. In the assumptions of Theorem \5.cll suppose that either Q[i^,,,^„] or 
{Qr)[i,...,n] is acyclic quiver. Then for any A G ^>0) 7 ^ ^>0' '"'^ have that the as- 
sumptions of Proposition \6.5\ hold. In particular, Conjecture \2.5\ holds for all the cluster 
monomials Mr{X). 

Proof. First, consider the case when the quiver {Qr)[i,...,n] is acyclic. Then for 7 G Z"q C 
Z>Q we have {Wr)y = 0, hence 



m 



and we have that 



(0)[\ AY-XQ.(7,7) + 1] 



J = l 
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is certainly a pure Hodge module. The resulting critical cohomology is just the cohomology 
of a smooth projective variety, which is Hodge- Tate by (|5.5p . 

Now, consider the case when Q[i^,,,^n] is acyclic. First, we claim that the variety M^^ is 
always a union of connected components of Crit{(Wr)'y) n {Wr)y^{0), if 7 G Z"q C Zi>q. 
Indeed, this holds for generic polynomial potential Wr by Proposition 13.11 Further, since 
there are no non-trivial potentials on all possible potentials Wr are equivalent 

when restricted to {Qr)[i,...,n]- Hence, the corresponding functions {Wr)-y are obtained from 
each other by an automorphism of the formal neighborhood of Nilp^ C M^. It follows 
that for any possible potential M^^ is a union of connected components of Crit{(Wr)'y) n 

w-\o). 

We have that locally at each point p G M-^^^£^^ the function is analytically 
equivalent to a quadratic form of even rank 

XQ(^(r)-Ml](7),^(r)-ni](7))-XQ.(7,7)- 

Indeed, if the point p is given by {E,u), then the minimal potential on 

Ext^($(r)-i[l](£;),$(r)-i[l](£;)) ^ Ext'^{E,E) 

equals to zero by Theorem 14.141 and from the same Theorem it follows that W-y in the 
neighborhood of p is formally, hence analytically, equivalent to a quadratic form of rank 
as in the above formula. The rank is even by Remark 14.161 

Therefore, the restriction of the mixed Hodge module 

m 

(f>(Wr)^Q(j^sfr - XQ.(7,7) + 1] onto M'J'^Zl x x Gm is a pure 

m 

Hodge module of weight ^ A*7* — XQr(7i7)- ^ 

i=i 

Remark 6.7. In the case when is acyclic, the positivity conjecture (and also Con- 

iecture [275\) has already been shown by F. Qin [Q]. He interprets quantum cluster monomials 
via Serre polynomials of quiver Grassmannians, and these quiver Grassmannians are ac- 
tually Gv{H^{Ti^^x),^{r)~'^[l]{'y)). The cohomology of these Hodge-Tate smooth projective 
varieties actually coincide (up to a twist and a shift) with our critical cohomology. 

The following conjecture was suggested to me by M. Kontsevich. 

Conjecture 6.8. In the above notation, for the generic potential Wr (possibly depending 
on ) the critical cohomology IIc"^''{A4^^£^ x^O^r)--/) is pure of weight i, and admits a 
Lefschetz operator. 

We remark that even if the set A^^^;^/j^_;, coincides with Crit{{Wr)y) n {Wr)-'^{0), the 

m 

mixed Hodge module (p (Wrh Q, f,.sfr . ^ (0)[X] -^*7*-X(3r-(7)7) + l] is not always pure. 
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Namely, consider the case n = 3, and take the initial quiver Q such that the coefficient- 
free part Q[i,2,3] is just a cycle of length 3, i.e. 

ai2 = 023 = 031 = 1, On = 022 = 033 = 021 = O32 = O13 = 0, 

with the potential when restricted to Q [1,2,3] equal to this cyclic path. Then, taking 
the sequence of mutations k = (1,2,3,1), wc obtain the quiver (^4, for which (Q4)[i,2,3] 
is again a cycle of length 3, but in the opposite direction, and the potential W4 (again, 
restricted to (<34)[i,2,3] ) is again this cyclic path. It is easy to check that the resulting 
torsion pair in mod Jq^w is precisely 

This means that for 7 G c Z^o, AG we have 

^7S-<A.,A = {(^ eM^,u: Px^ E)\uis surjective}/G^. 
Let us describe this variety in the case 

A = 7 = (l,l,l,0,...,0). 

In this case it is a toric variety 

X = U/{C*f, 

where U C Ki,u2,u3,xi2,x23,x3i is an open subset given by 

(«l,X3l) ^ (0,0), {U2,xu)^{0,0), (m3, ^23) 7^ (0,0), (tXi,U2,U3) 7^ (0,0,0). 

The action of (C*)^ is described by the formula 

(il,*2,*3) • {ui,U2,Us,Xi2,X23,X3l) = (^l^^l , i2^i2 , i3^^3, ^2a;l2^^^ *3a;23^2^ ^1^^31*3 ^) • 

The potential f : X ^ C is given by the formula 

/ = a;i2a;23aJ3i- 

We have 

X'P = Critif) n f-\0) = Critif) = {X23 = X31 = 0} U {0:31 = X12 = 0} U {xu = X23 = 0} 
— a union of three projective lines intersecting at one point 

p = ((e)3x(o,o,o))/(c*)^ 

Since the weight filtration is the subject of Betti realization, wc can consider the perverse 
sheaves of Q -vector spaces, and take the vanishing cycles functor cpf without multiplying 
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by Gm- Then, the perverse sheaf (j)fQx[3i] G Perv(X''P) has three non-zero subquotients 
in the weight filtration: 

grf (/.^Qx[3] ^ grf (/.^Qx[3] ^ %, grj 0/Qx[3] ^ IC(X^p), 
grf 0jQx[3] =0forn/2,3,4. 

where Qp is the skyscraper sheaf at the point p, and IC{X^p) is the intersection cohomol- 
ogy (perverse) sheaf. In particular, the sheaf 0/Qx[3] is not pure. However, the critical 
cohomology is pure: 

H^'^"\X'P, W) ^ Q(-l)®^ H^''"\X'P, W) ^ Q(-2)®2, 
H^,crit^^sp^ H^) = forn / 2, 4. 

Remark 6.9. Our example of non-purity of the MHM of vanishing cycles is similar to 
(and much simpler than) |DS| . In both cases the weight filtration has three subquotients, 
two beeing skyscraper sheafs and the third one is the intersection cohomology sheaf on the 
subscheme of singularities of the zero fiber. 

7. A CONJECTURE ON EXCEPTIONAL COLLECTIONS 

In this section we propose a conjecture on existence of exceptional collection in certain 
2 -periodic triangulated categories related to the moduli of stable framed representations. 

Definition 7.1. A triangulated k -linear category C is called 2 -periodic if there is a fixed 
isomorphism of functors 

id^ [2]. 

Let C be a 2 -periodic category with finite- dimensional Horn -spaces. An object E £ C 
is called exceptional if 

Hom^ {E, E)=0, Hom° {E,E) = k. 

A sequence {Ei, . . . , En) of exceptional objects in a 2 -periodic triangulated category C 
is called an exceptional collection if 

Rom' {Ei, Ej) = 0, i>j. 

An exceptional collection is called full if it generates the triangulated category C 

Let {X, f) be a smooth algebraic variety with a regular function. Then one can associate 
with {X, f) two equivalent 2 -periodic triangulated categories. The first one is the category 
of singularities [Orl] of the zero fiber X^ = /^^(O) : 

D,,iX^) := Dl,iX^)/PeriiX^). 
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The second one is the homotopy category of the D( Z/2 -)G category of matrix factorizations 
MF{XJ) [UiS], [PV], [LP], 

By the theorem of Orlov |Ur2j . we have an equivalence 

D,g{X^)^BoiMFiX,f)). 

This in particular explains that the category Dsg{X^) is 2 -periodic. In general these 
(equivalent) categories are not Karoubi complete, and we consider the Karoubian completion 



Dsgix^r. 



Conjecture 7.2. Let X be some moduli space of stable framed representations ^ 
which arise in Theorem \5.3\, and let f = (Wr)'y : X — )■ C, where Wr is generic polynomial 
potential. Then the category Dsg{X^)'^ admits a full strong exceptional collection. 

This conjecture implies the purity conjecture, i.e. the first half of Conjecture 16. 8| and 
hence the positivity conjecture. 

8. Appendix 
In this Appendix we prove Theorem 14.151 

Let us consider the following situation. Let j4 be a 3 CY algebra, i.e. an A^o -algebra 
with scalar product of degree 3. Let us assume that 

m„ = for n > N. 

Then the potential defined above is the well-defined polynomial function, 

Wa:A^^ C. 

The set of its critical points is precisely the set of Maurer-Cartan solutions: 

N 

Crit{WA) = {dWA = 0} = m„(a, . . . , a) = 0} = MC{A) C A. 

n=l 

The points of this set are objects of the 3 CY A^o -category, which we denote by AiC{A)^ 
(and which is defined exactly as the 3 CY A^ -category of twisted complexes) . 

Suppose that we are given with some full A^o subcategory C C A4C{A)oo, such that 
(★) the subset Ob{C) C Ob{MC{A)oo) n W^^iO) is constructible. 
We would like to define the class 

[D{H'''^^'HC,Wa))]. 
This is done as follows. Choose some constructible subset 

m 

\jYiCOb{C), 
1=1 
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with locally closed Yi, such that: 

(i) Each isomorphism class of objects in Ho(C) contains exactly one representative in 

m 
i=l 

{a) For a fixed 1 < i < m, and for X GYi, we have 

t 

HomO,(c)(X,X)/J(X) - 0Mat„^(C), 

i=i 

where J{X) is the Jacobson radical of the algebra }iom!^^^^j{X, X), and the num- 
bers t, ni,...,nt, and dimJ(X) do not depend on X € Yi. In particular, the class 
[i?'(AutHo(C)(-'^))] G Kq{MHS) does not depend on X G Y^. 
This allows us to define the class 

(8.1) (C'^^))]-l.[Z,(^.(AutH.(c)(X.)))]"''' 

where G 1^ is some object. 

For convenience, for the finite-dimensional graded vector space V, put 



X<d{V) = ^{-iydimV\ 



i<d 

Proposition 8.1. The class (18. ip does noi depend on the choice of the constructible subset 

m 

UYiC Oh{C). 

i=\ 

Proof. This class is actually dual to the Hodge realization of the motivic Milnor fiber used 
in |KS08| . Namely, for any smooth complex algebraic variety X with a regular function W 
Denef and Loeser ([DLT],[DL2]) define the element Sw G WiX^), where X° = W~HO), 
fj: = lim^n, and for a scheme Y one defines M^{Y) to be the localized Grothendieck 
group of y -schemes with good action of fi. Further, for any locally closed embedding 
L : Z ^ Xq, denoting by p : Z ^ pt the projection we get the element 

Sw,z := P\i*Sw e := M^'{Spec C). 

There is a natural map 

F : M^^ Kq{MMHS). 
If X is an algebraic variety with good action of some then one puts 

F{[X]) = (G„ ^ A^UiX X A G„),Q(^xG„)M«„(0). 

The map F is actually a homomorphism, where one considers the Thom-Sebastiani product 
on [DL3j . According to |KS08] . we have the equality 

F{1-Sw,z) = [H:''"\Z,W)]. 
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Kontsevich and Soibelman |KS08) use more general motivic Milnor fibre for formal power 

m 

series. Put -v/L := 1 — 5^2 q. Let |J 1^ C Oh[C) be some constructible subset as above, and 

i=l 

fix some Yi. Then for a G the potential on End^(a) = equals to Wa{z) = WA{z+a). 
It follows from Theorem 14.141 and the Thom-Sebastiani Theorem [DL3j that we have 

f , /— dimEndi(a)/ker(mi:Endi(a)->-End2(a)) 

SwA,Yi = / \.S^r^^r^ Q ■ VL ). 

Since the potential Wj!^*" depends only on the isomorphism class of a in Ho(C), and we 
have 

dimEnd"^(a)/ker(mi : End"^(a) — )• End^(a)) = x<i(Hom^Q((j^(a, a)) — x<i(^), 

we conclude that the element Sw,Yi depends only on the set of homotopy equivalence classes 
of objects in Yi. Hence, the class [D{Hc'^"^{C,Wa))] is well-defined. □ 

Now, suppose that we have some 3 CY -category A with two objects Ui,U2, with 
End(C/j) = Ai, and again only finitely many of m„ are non-zero on A. Then, we have full 
-subcategories MC{Ai)oo,MC{A2)od C MC{A)oo- Assume that Cj C MC{Ai)oo are 
-subcategories satisfying (★). Moreover, let us assume that 

Homi°(^,(^)^)(Xi,X2) = 0, Hom<0(^,(_4)^)(X2,Xi) = 0, e Ob{C^), X, G Oh{C2). 

Then define the subcategory Ci^2 C MC[A)oo-, 

Ci,2 = {a = (an, 012,021, "22) G MC{A) \ au = 0, an G Ob{Ci),a22 S 06(C2)}. 

Proposition 8.2. We have that 

dim Home ( 1/2, 

Proof. This follows from the Integral Identity proved by in [KS10| . Subsection 7.8. The 
implication is similar to [KSIO] . Subsection 7.7. □ 

We formulate once again Theorem 14.151 

Theorem 8.3. Suppose that for some formal QP (Q, W) and polynomial QP {Q', W') we 
have a cyclic A^o -functor cj) : Cq^w ~^ TvuCq/^wi, inducing an equivalence <I> : D^{TQ^]y) — )• 
D^(Tqi^Wi). Let Z be a central charge on Q. Then one can define the classes 

[D{H:ff{M,yr,W,)]eR, 

for all sectors V C 71+, and 7 G 'lX,l^\ such that the following holds. 
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1) Suppose that there is only one -orbit in M^y, and for the corresponding repre- 
sentation E of Jq^w we have 

Ext^(S,S) = 0, Xq(7,7) = dimExt°(S,S) mod 2. 

Then we have 

(8.2) [D{H'ff{M^yyP, W^)] = [H'{B Ant{E))] ■ T^^^^c Aut{E) _ 

2) Define the DT series Ay using the classes [Z)(//*'^"*(Myy)*P, W^)] € R, as in the 



formula (|3.2p . 

Suppose that we have a central charge Z' on Q' , and for some sectors V,V' C 71+ we 
have that 

and assume that 

(8.3) XQ'iimi), mil)) ^ Xq(7,7) mod 2, 7 G Z^W). 

Then we have 

Ay = m{Av), 

where in the last formula [<I>] denotes the induced map on completions of motivic quantum 
tori. 

3) If the sector V is the disjoint union of two sectors Vi U V2 (in the clockwise order), 
then we have factorization: 

Ay = AviAv2- 

Proof. We have the objects (p{Si) G TwCq/^w', ^ ^ ^{Q)- For any 7 G Z>q*^\ put 

X^:= cP{S,)®^' GTwCQ^^w'- 
isViQ) 

Put 

:= EndTwCQi y^/i^-r)- 

For any central charge Z on Q, and a sector V C ?^+, take the subcategory C^y C 
M.C{A-y)oo, corresponding to MC solutions a G A!y, which are strictly upper-triangular 
with respect to some order of direct summands of X^, and such that the corresponding 
object of D''{TQ^]y) (under the preimage <I>~^ ) is a representation of Jq^w from M^^y. 
Define 

[D{H:ff{M^y,W))] := [D{H:'^"\C,y),W^^)] • ^^'^'^^'^^->^^^'^^''\ 
The property 1) follows directly from the definition. 
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To show 2), first put 

Note that the DT series defined in [KSlOj for polynomial potential (see formula l3.2l above) 
are actually obtained in the same way, replacing cj) by the inclusion Cq'^w' — ^ TwCq'^w'- 
Indeed, denote the objects of Cq'^w' by S'^, and put 

X;, := <PiS^)^^" gTwCq>,w', 
ieV(Q) 

Ay := EndT^Cg,,^y,(^y), 
and define Cyy C M.C (Ay) oo in the same way as above. Then we have 

[D{H:fJ^XM^fy„W'))] = [i?(F-'-^*(Cy,yO,^^;,)] = 

' 7' 

Now assume that 7' = [<I>] (7) . We need to show that 
(8.4) [Z)(F,-'-*(Cy,v"),W^^',)] • Vr^^'^^'^')-'^^^^-^;') .T-^'"'"'' 



2 



By ()8.3p . we may replace Ta by vT in (|8.4p . Then, arguing as in Proposition 18.11 we 
express LHS and RHS of (j8.4p using motivic Milnor fibres, and obtain the desired equality. 



The property 3) follows from Proposition 18.21 similarly to [KSIO]. □ 
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